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Annals of Mathematics, 108 (1978), 553-567 

Irreducibility of certain entire functions 
with applications to harmonic analysis 

L. A. RUBEL,* W. A. SQUIRES** and B. A. TAYLOR* 

1. Introduction 

It is a theorem of Ehrenfeucht and Pelcznfski that if f1, * f* , n > 3, 
are nonconstant polynomials in one variable, then 

f(zl) + ?f-+ f(z") 

is an irreducible polynomial in z = (z1, ..., zn) [5]. The main object of this 
paper is to prove the corresponding result for entire functions. 

THEOREM 1. Let n > 3 and let f1, **. fi be n nonconstant entire func- 
tions. Then 

fA(z1) + + fl(zl) 

is an irreducible entire function on C". 

We will actually prove a slight extension of Theorem 1 (Theorem 4 of 
Section 2) which enables us to solve a problem posed to one of the authors 
by L. Ehrenpreis and discussed previously by him [7]. Let D = D(R") denote 
the space of infinitely differentiable functions on RI with compact support, 
and let * denote convolution; i.e., (v * +)(x) = | (x - t)4(t)dt. 

RIn 

THEOREM 2. If n > 3, then 3*D 3)Y# . 

Professor Ehrenpreis has informed us that there is an error in the 
proof, announced in [7], of his assertion that D * @+DLD for n > 2. 

No doubt the theorem is also true for n = 2 but our methods do not 
allow us to treat this case. The case n = 1 seems entirely different (see 
Section 3). 

We also give a result which complements the negative result of 
Theorem 2. 
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THEOREM 3. If e 9 (R%), n = 1, 2, ... , then there exist fi, gi G @D(Rn) 
such that 

a = fi *9 + * - - + fN * NY N= 2n 
Thus, the reason we cannot write 5 = f * g is not that convolution 

"oversmooths". Probably the integer N- 2n can be improved, at least 
when n > 1. P. Cartier [4] has proved a result along the same lines as 
Theorem 3. He showed that the fi, gi could be chosen with fi e 9)(R"), gi e 
C,,j(Rf), 1 < i ? N, where the integer N depends on k. 

The main tools used in the proof of Theorem 1 are the Gross Star 
Theorem and a consequence of the five islands theorem of L. Ahlfors. For 
the case when f, - - , f, are polynomials (or formal power series) there are 
completely algebraic proofs of Theorem 1 (see [5]; other such proofs have 
also been communicated to the authors by M. Hochster and L. Carlitz). 
However, it seems to us quite unlikely that Theorem 1 can be proved by a 
(reasonable) strictly algebraic argument, since the corresponding result for 
the polydisc U ={z e C": I zi I < 1, 1 i i ? n} is false. A simple counter- 
example is given in Section 4. 

The proof of Theorem 2 proceeds by noting that ? * 0 :P qd translates 
to a problem about entire functions via the Fourier transform, p - @ # 9, 
where 

- 0{0(z) \Rn e-iz O5(x)dx: 5 e C D = TD(R`) 

Since the ring of entire functions, T, contains no units, to prove 0 -D T # 
it suffices to exhibit an irreducible entire function in the space 90. This is 
carried out in Theorem 7 of Section 3. 

The proof of Theorem 3 relies on a construction, given in Section 5, and 
a theorem of L. H6rmander [10] concerning the structure of finitely gener- 
ated ideals in algebras of entire functions with growth conditions. 

2. Proof of Theorem 1 and related theorems 

In the proof of Theorem 1 we shall use the following version of the 
Gross Star Theorem (see e.g. [12], Theorem 2, p. 6 or [13]). Let v(4), A(4) 
be meromorphic functions on the complex plane and let ;, 4 be given 
points with 

0 0, ? S(C1) AQt) + C- 

For each 0, let yi denote the ray from Co to c, in the direction of et@, 

JYoMt)-(0 + t et@, y 0 < t < + cd. 
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THEOREM G. Except for a in a set of Lebesgue measure zero in [0, 21], 
there is a unique continuous curve 7)(t) = po(t) such that '(0) = t, and for 
0? t< +o, 

0((t)) ::_ O. C(>D))+ 

and 

0((t)) - 

We also need the following deep result from the Ahlfors' theory of 
covering surfaces. The specific result stated here is a consequence of 
Theorem 5.6 or Corollary 2, p. 148, of [11]. 

THEOREM A. Let e be a nonconstant meromorphic function in 4 < co*. 

For each R > 0, there exists a disc A = A(w0, R) = {w eC: Iw - w0I < R} 
and a component 0 of iv-(5) such that the restriction of * to 0 is a 1-1 
map of 0 onto A. 

We will actually prove an extended version of Theorem 1 (which is 
needed for the proof of Theorem 2). First, the following notation is in- 
troduced. 

Let f, *, fi. be nonconstant meromorphic functions for l I < cc, 4 a 
complex variable. 

Define 

(2.1) F(z1, Z.-*, z =) f1(z1) + * + fn-1(zn1) 

(2.2) G(z,, ** , z.) = f,(z1) + * + f.(z.) 

Let Ej denote the set of poles of fj, 1 ! j ? n, and 

Q = {z = (Z,, * Z Wz): zj X Ej for any j, 1 < j < n} . 
Then G(z) is analytic on U. In fact t2 is exactly the set of points of CG 
where the meromorphic function G is holomorphic. Then restrict i2 further 
by setting 

(2.3) {2 Iz G i2: Ej=1 IfJ (Zj) I > 0} 
{z e t2: (VG)(z) # 0} 

where VG is the gradient of G. Also, let 

(2.4) '(V) ={z e Q: G(z) = 0}. 

The reason for this notation is that i( V) is (essentially) the set of regular 
points of the n - 1 dimensional variety V of zeros of the meromorphic 
function G. 

We will prove the following result, which is a more general version of 
Theorem 1. 
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THEOREM 4. If f, -**, f,,n are nonconstant meromorphic functions on 
the complex plane, and if n > 3, then R( V) is connected. 

In order to prove Theorem 4, we shall need another fact which may be 
of independent interest. 

THEOREM 5. Let n > 3 and let F be given by (2.1), where f1, .*, 
are nonconstant meromorphic functions. If v(t), 0 < t < 1, is a continuous 
closed curve in C and if a e Q satisfies F(a) -(0), then there exists a con- 
tinuous closed curve F(t), 0 < t < 1, in Q and a continuous function 
s = a(t), 0 t 1, 0 < s <1, such that 

F(O) = F() - a 
and 

F(F(t)) - y(a(t)), 0 < t < 1 . 

Remark. Theorem 5 is true without the additional change of parameter 
s = v(t). However, it is technically easier to prove the stated version which 
suffices for our application. 

An immediate corollary of Theorem 5 is: 

COROLLARY 6. If f, g are nonconstant entire functions, then given 
any closed curve - = 1(t) in the complex plane and any point a e C2 such 
that F(a1, a2) = f(al) + g(a2) -(0), there exists a lifting of F(t) under F 
to a closed curve 1(t) in C2 with 1(0)= a. 

Proof. The corollary is a special case of Theorem 5, except for the fact 
that VF(a) : 0. However, the set {(z1, z2): F(z1, z2)-=(0)} is locally path 
connected and the points with VF z 0 are dense in the set. Thus, it is no 
loss of generality to assume VF(a) + 0. 

Proof of Theorem 5. To simplify notation we will assume n = 3, write 
f = A, g = f2, a = (a,, a2) = (0, 0) (0) = 0, and assume f'(0) # 0. Choose 
a number R larger than the diameter of -y. Then let +(^) -g(C) and choose 
a disc A A(w0, R) and a component e of +1(A) according to Ahlfors' 
Theorem A. Let b be the point of e with +(b) = w,. Let 0- f. By the 
Gross Star Theorem, Theorem G, for almost all 0 there exists a continuous 
curve r7(t) = r0(t), 0 ? t < + co, with 

C(0) = 0, f'(72(t)) # O f(7(t)) # O, and .f(72(t)) + g(tet0) =0, 
0 ? t < + C* Thus, by choosing 0 near arg b and considering the curve 
Fi(t) = (r2(t), te"0), 0 ! t - I b 1, we find a curve in Q which joins (0, 0) to a 
point (a, b') with b' very near to b and F(F1(t)) = 0 = -(0). Note that since 
b' is near b, 'i(b') is near A0r(b), and so p(b') is near w,. Thus, since f(a) -(b'), 
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we have f(a) near w0 so f(a) - 7(t) e A for all 0 ? t ? 1. 
Let A-1: A -> e. denote the inverse map of A: e-* A. Then set f(t) 

,v-'(f(a) - 7(t)). Then F2(t) = (a, f(t)), 0 < t < 1, is a closed curve in Q and 

F(F2(t)) f(a) + g(fl(t)) = f(a) - ,(8l(t)) = 0(t), 0 < t ? 1 . 

Thus, consider the curve F in Q obtained by following along F1 from 
a = (0, 0) to (a, b'), then along the closed path "2, and then back to a along 
-Tr. Since F(F1) = v(0), F(F2(t)) = 7(t), we see that up to a change of 
parameter, F(F(t)) traces out the curve 7(t). This completes the proof. 

Proof of Theorem 4. To simplify the notation, again assume n = 3. 
Then write f1 = f, f2= g, f3 = h, so 

F(zl, z2) f(z1) + g(z2), G(z1, z2, Z3) = f(Z) + g(Z2) + h(z3) 

We will show that 9Z( V) is path connected. That is, given a = (a1, a2, a3), 
fI = @11 fl2, fl3) e R( V) we can find a continuous curve in Z( V) connecting a 
to f8. 

The proof will be broken into two steps. First, we show that a and fi, 
respectively, can be connected to points a', fi', respectively, with a' = e, 
a = f. Secondly, we show that any two such points a', f' e 9Z( V) can be 
joined by a path in fR( V). 

To prove the first assertion, note that G is analytic, G = 0, and VG # 0 
on R( V). Hence, 9Z( V) is a (not closed) two dimensional complex manifold. 
In particular, Z( V) is locally connected. Further, {z e 9k( V): h'(z3) # 0} is 
dense in fR( V). Thus, it is no loss of generality to assume that h'(a3) # 0, 
h'l(23) # 0. Let *) be the meromorphic function of one complex variable 
given by *(C)= -F(a + C(O - a)) and let Ob(C) = h(C). By the Gross Star 
Theorem, Theorem G, for almost all 0 we can find a curve 7(t) such that 
0(7)(t) = p(teio), 0 < t < + DO, and 0'(72(t)) # 0. Thus, we can choose 0 near 0 
so that the curve F(t)-( 1(t), y2(t), 7(t)), 0Ot<1, with yj(t)=a?j+tei0(,fj-a6), 
lies inside the set 9Z( V) and joins a to the point a' = (at, a', a') where (at, a') 
is near (fl1, fl2). Since h'Q93) # 0, we can choose a local inverse, h-', for h 
near h(Q3). Since the functions f, g have no pole at A, 192, we know that 
-F(a) is near -F(O) for z near fi. Thus, we can choose a curve f(t) joining 
(@1, ,2) to (a', a') and such that -F(-(t)) lies in the domain of h-1 near 
h(l3). Then the curve (-(t), h-'(-F(-(t)))) lies in 9Z(V) and joins fi to 
3-(a', a', a'). Thus, the first assertion is proved. 

To demonstrate the second step, let a, ,B e 9Z( V) satisfy a, = fl, j = 1, 2. 
Then choose any path a(t) in the z3 space which joins a3 to /93 and does not 
pass through any poles of h(z3). Then y(t) = - h(o(t)) is a closed path in C 
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and (ae, a,) e Q, is a point with F(a1, a2) 7(0). By Theorem 5, after pos- 
sibly making a change of parameter in the path 7(t), we can find a closed 
path r(t) in Q, with r(O)- (a,, a,) and F(r(t)) =(t). Then the path (F(t), 
v(t)) lies in Q and joins a to f8. This completes the proof. 

Proof of Theorem 1. It is well known that an entire function G is ir- 
reducible if and only if the set of regular points of the variety 
V = {z e Cn: G(z) -O} is connected, and, further, VG does not vanish identi- 
cally on the regular points of V (see e.g. [9], p. 116). Let G(zi, ..., z) 
fA(z1) + * * * + fn(zn). Since V has complex dimension n - 1 > 2 and since 
VG 0 is a discrete set in C", we therefore only have to show that the 
regular points of V are connected. However, the regular points of V are 
exactly those points of V where VG : 0. Thus, the set fR( V) of (2.4) is the 
set of regular points of V, and '2( V) is connected by Theorem 4, so the 
theorem is proved. 

3. Proof of Theorem 2 

For 0 e 9D(RI) let 

0(Z) = o(Zl, ... -, Z.) e- (xzn) (x)dX 
R?& R?& 

denote the Fourier transform of A, and let 1D = : 6 e D}. By the Paley- 
Wiener Theorem, 9D is the ring of all entire functions H of exponential type 
on C? such that for each m > 0, there exist constants Cm > O R > 0 such 
that 

(3.1) jH(z) < Cm exp(RIIm z1), =(i + IlZI)m 

where Im z e R" is the imaginary part of z. Every Q e ?P must have zeros, 
since the only entire functions of exponential type on C? with no zeros are 
exponential functions, cei(a01z1 +anz") which do not belong to 9P. Now, if 
9)*9 = D9, then 0DD = 9D. Thus, to prove Theorem 1, all we have to do is 
exhibit an entire function H(z), on C", which satisfies the growth conditions 
(3.1) and which is irreducible in the ring of entire functions. 

To do this, let gl, ..., gy, h, l **, h. be entire functions which belong to 
@P(R) and such that 

gj, hj have no common zeros, 1 ! j n; 

(3.2) = gj/hj is a nonconstant meromorphic function; 
h, has at least one simple zero; 
h2 has at least one zero. 
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(The last condition of (3.2) is superfluous since h2 e @(R), but it is needed 
for generality in Theorem 7.) Let 

G(z1, **, z.) = f1(z1) + * + fn(z.) 

and 

(3.3) H(z) = G(z) II hj(zj) - 1 gj(zj) [llk, hk(Zk)] 

Then H e ?P(R") because H is entire and the growth condition (3.1) is satisfied. 
Therefore, we only have to show that H is irreducible if n ? 3. 

Let W {z e C": H(z) = O}. It suffices to show that the set 9R(W) of 
regular points of W is connected and that VH does not vanish identically 
on W (see the proof of Theorem 1). Let 

V = {z e C": G is analytic at z and G(z) } 0} 

and let J( V) be as in (2.4). Outside the set of points where some hj(zj) = 0, 
the sets V and W are identical. Further, if z e W and hj(zj) = 0, then some 
other hk(Zk) must also vanish. Thus, V and W coincide, up to a set of codi- 
mension at least two, so V = W. Because 9Z( V) is connected (by Theorem 
4) and because 9R(V)c(W)c W= V = 9k(V) it follows that 3R(W) is con- 
nected. To see that VH cannot vanish identically on W, assume the con- 
trary and then choose points zj, Z2 with h1(zl) = 0, h2(z2) 0. Then H(z) = 0 
for all choices of (z3, - -, z* n). Thus, aH/3zl (zl, Z2, Z3 .* . . Zn) =0 for all 
choices of z3, - - * zn. But, 

aH (Z) =g(Z1) IJ 2 hj(zj) + h'(zl) =2 gh(Z ) [IIk I ,3 hk(zk)] 

so 
SO 

H(Zl Z2, *.*, * Zn) = h'(zl)g2(z2). =3 hj(z j) 

Since g2(z2)>0, and aH/3zl vanishes for all choices of Z3, .*. , z, we must have 
h'(zl) = 0. Thus, we have proved that h(z,) = 0 implies h'(zl) = 0, which 
violates (3.2). Thus, VH cannot vanish identically on W. Therefore, H is 
irreducible, and the proof of Theorem 2 is complete. 

Note that in the proof of Theorem 2, we actually proved the following 
fact. 

THEOREM 7. Let g,, ... gy hl, ..., h_, n > 3 be entire functions such 
that (3.2) holds. Then 

H(zls a .n. i e fucioz.) j hk(Zk)] 
is an irreducible entire function. 



560 L. A. RUBEL, W. A. SQUIRES AND B. A. TAYLOR 

Remark: It seems interesting to determine whether the function 0 of 
Theorem 2 can be written in the form 0 = f*g, where f, g are functions 
which tend to zero faster than any exponential function as I x I-> C (so that 
f are entire functions). It can be shown that the 0 constructed in the 
proof of Theorem 2 cannot be written 0 = f*g, where f, g are continuous 
functions such that If(x)I, Ig(x)l C Cexp(-IxjI ") for some s > 0. (We omit 
the proof.) 

To conclude this section, we wish to make some remarks on the cases 
n 1, 2 left open by Theorem 2. It seems reasonable to hope that for 
nX2, the same result could be proved, not by showing that every function 
H as in (3.3) is irreducible, but by exhibiting some H of this form which is 
irreducible. However, we have been unable to do so. 

For the case n = 1, the problem has an entirely different character. If 
f e 9P(R), then from the theory of entire functions of exponential type, we 
know that (after a suitable normalization) 

f(z) (1- ?)exp(z/zj) 

where the zj are the zeros of f in C. Thus, the problem involves splitting a 
canonical product which is small on the real axis into two parts, each of 
which is again small on the real axis. We do not know if this can be done, 
except in the following special case. 

THEOREM 8. Iff e @(R) and has real zeros, say xj, - c <x <xj+ < + c, 
- ce <j< + ao, and if fl, f2 denote the corresponding entire functions of 
exponential type with zeros x;, j odd, and xj, j even, respectively, then 
fly f2 e D(R) and 

f flf2. 

Proof. We outline the main idea of the proof suppressing the technical 
details. The main part is to show that on the real axis, f1 and f2 decay 
faster than 1/1 x I for any N. The estimate off the real axis follows by a 
standard Phragmen-Lindel6f argument. 

Standard results from the theory of entire functions of exponential 
type (see [3], Chapter 8 and [2]) show that 

f(z) limrO- ll!Z k! t(1 -- ) 

We also have that 

f1(z) _ liMr"H IIkl r(1 - ) 
k odd Xk 
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and 

2( Z) = limr"o, III 1 ~ - -) 
k even Xk 

are entire functions of exponential type. 
We will now show that f1 satisfies the growth condition 

If,(x)l < N for all N, - cO<x< < . 
(i+ xI )N 

The proof that f2 satisfies a similar growth condition is exactly the same. 
Let us assume for convenience that 0 < X2kl < x ? X2k+l since the argu- 
ment when x is negative requires only minor changes. Due to the fact that 
log Ii- 1 is increasing for e> 1 and decreasing for e < 1 we can write 

2 log fI(X) ? ! log if(x) I + log 1 - -i + log 1 - -log 1 - X 
X-1 X, ~~~~~~~X2k 

Thus it suffices to show that 

(X) I < 7 for all N, X2k ? x ? k+Xl, 

X2k 

and that yN does not depend on k. Note that 

If(x)/(1 - X/X2k) ? E 2 if(x) I if x/x2 ? 1/2 or X/X2k 2 . 
Also, if (1/2) X2k < x < 2X2k then 

If(x)/(1 - X/X2k) ? |X2k (If(X) I/I x X2k 1) 

When I x - X2k I 1 the estimate is clear and when I x - X2k 1 it follows 
from the maximum principle. 

Thus, f, satisfies the growth condition (3.2) on the real axis. As remark- 
ed earlier, a routine Phragmen-Lindelbf argument gives the required es- 
timate off the real axis, so f1 e @(R). This completes the proof. 

4. Irreducibility of f + g + h in product domains 
In this section we show that although Theorem 1 fails for functions 

analytic on proper subdomains of C, it is still possible to give sufficient 
conditions which will guarantee that f1(zl) + - - - + fn(zn) is irreducible. The 
reason that Theorem 1 fails for proper subdomains is, basically, because 
globally irreducible functions need not be locally irreducible. For ex- 
ample, consider the irreducible polynomial of three variables x2 + y + z- 
f(x) + g(y) + h(z) and the domain H {I e C: Re C> 0}. On the product 
domain H3 = Hx Hx Hin C3, there is a well defined branch of Vy + z since 
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Re (y + z) > 0 for (y, z) e Hx H. Thus, we have the factorization on H3, 

(4.1) (x2 + y + Z) = (x + i Vy + z) (x-i 1Vy + z) . 

Neither of the factors on the right hand side of (4.1) is a unit in the ring of 
all analytic functions on H3 since they vanish at some points of H3 (namely, 
the first factor at x =V2t -3=i/8y - z t ei"4, t > 0 and the second factor 
at x = V2t e3.i8, y - Z t e- i'4, t > 0). Thus, x2 + y + z is not irreducible 
in this ring. 

By means of a conformal map from the unit disc U to the half plane 
H, the example just given is easily modified to show that Theorem 1 fails 
on the polydisc U3 Ux Ux U. 

However, in the positive direction the same techniques used to prove 
Theorem 1 allow us to give the following sufficient conditions. Let U denote 
the open unit disc in the complex plane. Recall that a function g analytic 
on U is not a Bloch function if and only if there exist schlicht discs of 
arbitrarily large radius in the range of g (see [1]). This happens if and only 
if I g'(z) I (1 -i Z 12) is unbounded. 

THEOREM 9. Suppose n > 3, fi, * fe. are nonconstant analytic func- 
tions on U, f1, f2, f, have range equal to C, and that fI, is not a Bloch func- 
tion. Then f1(z1) + *** + fq!(zq!) is irreducible in the ring of analytic func- 
tions on U". 

The proof follows exactly the lines of the proof of Theorem 1, replac- 
ing Theorem 5 in the proof by the following analogue. 

THEOREM 10. Let f, g be analytic on U with the range of f and g equal 
to C and g not a Bloch function. If F(z,, z2)= f(z,) + g(Z2), F(0, 0) 0, and 
if ai(t), 0 ? t ? 1, is a continuous closed curve in C with v(0) y(1) = O0 
then there is a continuous closed curve r(t) in U2 with r(o) = r(l) = (o, o) 
and F(r(t)) =( (t)) 0 < t < 1 (a(t) a continuous change of parameter). 

The proof of Theorem 10 follows exactly the proof of Theorem 5. The 
assumption that g is not a Bloch function gives the existence of large 
schlicht discs in the range of g and thus replaces Ahlfors' theorem in the 
proof. We omit the details. 

3. Proof of Theorem 3 

It is easily seen, via the Fourier transform, that Theorem 3 is equi- 
valent to the following result. 

THEOREM 11. Given 0t eE 4D(R"), there exist gi, Fi e- 40(R"), i - 1, 2, *, 2 
such that 
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Li=,1 giFi. 

Proof of Theorem 11. We first consider the one-variable case (n 1), 
so let e E 9(R') be fixed. The proof for the case n > 1 is much the same but 
relies heavily on a construction made in the one variable case. The main 
idea is to show that given a suitable weight function p(z), the ring A, of 
all entire functions which satisfy 

(5.1) If(z) ?-< A exp(Bp(z)) 
for some constants A, B (depending on f ) can be generated by two functions 
F1, F2 E AP n @(R). That is, there exist h,, h2 E AP such that 

(5.2) 1 = h1Fj + h2F2. 

If the weight function p(z) is so chosen that 

(5.3) h E AP implies Oh E @i(R) 

then multiplying (5.2) by 0 yields 

05= g1F1 + g2F2 with gi = *hih, z = 1, 2. 
Since also Fi E 0iD(R), i = 1, 2, this proves the theorem when n = 1. 

Provided p(z) satisfies some technical hypotheses discussed later, a 
theorem of Hbrmander ([10], p. 943) shows that F1, F2 E A, generate A, if 
and only if for some s > 0, C > 0O 

(5.4) F1(z) I + I F2(z) I > s exp(-Cp(z)) 
Thus the problem is reduced to finding suitable p, F1, F2 such that (5.3) and 
(5.4) hold. To do this we will establish the following two claims. 

Claim 1. Given any even function p(x), increasing for x > 0 and 
satisfying p(x)/log x -> as x acm, there exists F E Oi(R) such that 

(5.5) IF(x)I + IF(x + >) >cexp(-cp(x)) -,- <x<:, 

and 

(5.6) lF(z) I > I F(Re z) 

Claim 2. There exists a continuous, subharmonic function p of the 
form p(z) w(l z') + Im z such that 

(5.7) w(r) is a nonnegative, increasing, convex function of log r 
(5.8) p(z) ?-A I z i + B for some constants A, B > 0 
(5.9) p(z)/log I z ---> as z > 

(5.10) (log I (x)I -')/p(x) as x I- -> Do, xER 
(5.11) there exist constants K1, ..., K4 such that 
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lz-C ? < exp(-K1p(z) -K2) implies p() ? K3p(z) + K4 
If Claims 1 and 2 are proved, then the proof is complete when n = 1. 

To see this, note that with F1(z) = F(z), F2(z) = F(z + 7/2), we have from 
(5.5) and (5.6), with x = Re z, that 

F1(z) I + I F2(z) I > I F1(x) I + I F2(x) ? > c exp(- c1p(x)) > c exp(- c1p(z)) - 

Thus (5.4) holds. Conditions (5.7), (5.9) and (5.11) are technical hypotheses 
which ensure that H6rmander's theorem can be applied to conclude (5.2). 
Finally, (5.8) implies Ap is a subset of the entire functions of exponential 
type so by (5.10) and a routine Phragmen-Lindelif argument we see that 
(5.3) also holds. 

We will now prove Claim 1. Let F(z) = J - (sin ejz)/ejz, where the ej 
are an appropriately chosen subsequence of {1/2j}j1. It is easy to check 
that F e @P(R) since j- e< < (see e.g. [8], p. 145). Let us now consider 
the case when z is real. Let I = U-t 4(4k + 1)/4w, (4k + 3)/4w]. It will be 
shown that I F(x) I > exp(- p(x)) for all x e I. Since p(z) satisfies (5.9) it is 
clear that exp(-p(x)) ? min{1, Dix-'l} for all M, for suitably chosen con- 
stants DM. Now for x > 2 DM the inequality 1/2(1/2x)31' > D,/xM holds. Let 
a, 1 and aM = max{caM_1 + 1, 2'D,,} so that, in particular, 1/2(1/2x)M1 > 
DM/xM > exp(-p(x)) for all x a ,M. 

We want to choose {ej>; 1 so that 

( * ) ll??MsinGjx > 1 for all x I <aMs ,,,-,, and for all M. 
Once this is done we shall derive the inequality 

j I -j sinGjx > / 1 \M-1 

for all x e I, and for all M. Inequalities (*) and (**) together yield 

3sin jx > (2 x ) * > exp(-p(x)) 

for all lx [a,, a.,1il I. From this we conclude I F(x) I > exp(- p(x)) for 
all xlIand 

F(X+ x )> exp(-p (xv+ ))forall xeI + /2. 

Thus, we have proved 

IF(x)I + IF(x + w/2)1 > min{exp(-p(x)), exp(-p(x + wr/2))}. 

Replacing p by a function p which satisfies the hypothesis of Claim 1 but 
with max{p(x), p(x + w/2)} ! p(x), we see that (5.5) follows. 
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Now we will derive inequality (*). From the series expansion for sin esx 
we have I sinsjx/ejx I ? 1 - (ejx)2/6. Assuming (ejx)216 ! 1/2 for j > M, 
I XI a m,1? and using the series expansion for log(1j-), 1 $1 < 1 we obtain 

~ log in ejx. > - Cx2(E`0 MS) E - 
M'log > o (j_ j 

where c > 1 is some fixed constant. Now choose {ej}Aj lc{1/21}j; , as follows: 
EM ? l/? -//2c a0M+l and sMl < EM which implies 

' ej < log 2/c a' +1 and 
I sx jI ? 1/2 for j > M and I x I :< a,+,. Therefore 

[I. Xsinsix > exp(-cx2(EYi e> 1 for IXI ?M+l 
j=M Sjx ''3-f, 2 

and we see that (*) holds. 
We will now prove the inequality (**). Since sj = 1/2ni for some integer 

nj, the zeros of sin ejx occur at integral multiples of ir. If x C I then x is at 
least a distance w/4 from every zero of sinejx; so using the inequality 
sin X 2/w xl for xI ! w/2, we have 

I sin eIx > sin (ej 72) > 2 SjZ 
- 

Inequality (**) then follows. 
It is easily verified that for fixed x, I sin Z/Z 12 = (sin2x + sinh2y)/(x2 + y2) 

attains its minimum at y 0, which shows that (5.6) holds. 
We will now give the proof of Claim 2. Basically, we are constructing 

a "nice" majorant exp(- w(x)) of the entire function of exponential type 0 
on the real axis, a well-known procedure. There exists a sequence of con- 
stants CN such that Nlog Ixl - ?-1/2 log I(x)I for all N= 1, 2, 
and all x E R, since e E @(R). By choosing the CN larger, if necessary, we 
can also impose the condition that the points XN satisfying the equality 
Nlog xN - CN= (N + 1)log X -CN+l have the property that x1 > 2 and 
XN + 1 < XN+1. Note that the conditions on XN force CN < CN+1 for all N. 

Define oN(X) = max {0, N log x - CN} and 

w(x) = SUpN (ON(X)- 

It is easy to see that 0(I z I) = (ON(I z ) for XNl ? Z ? XI which implies 
co(I z ]) is continuous. Since (ON(I Z) is a subharmonic function of z and co(l z 1) 
is continuous and the supremum of the CO(I z 1), we conclude w(I z I) is a sub- 
harmonic function of z. 

With a more careful choice of the CN, p(x) = co( xi) will satisfy (5.8) 
and (5.10). It is also clear that this construction of co(I z I) yields (5.9). To 
check (5.11) we let K1 = K2 = 0 and show that w(N + 1) - w(N) ? 1 for all 



566 L. A. RUBEL, W. A. SQUIRES AND B. A. TAYLOR 

N, which implies that if I z - < 1 then p(Q) < p(z) + 3. First note that 
(o(N) = k log N- Ck where k < N. k depending on N, since xN + 1 <xl 
and x, > 2 imply x1-, > N and therefore k + 1 < N. Now either 

(i) co(N + 1) k log(N + 1) -- Ck or 
(ii) co(N + 1) (k + 1)log(N + 1) - Ck+l. In both cases co(N + 1)- 

co(N) ? log((N + 1)/N)-y < 1. This completes the proof of Claim 2. 

The proof when n > 2 is quite similar to the proof for n = 2 so we 
restrict our attention to the case n = 2. The basic idea is to construct four 
functions F1, * * *, F, E 9P(R2) such that 

Fi > s exp(-Cp(z)) for all z = (z, z2) E R 
where p(z,, z2) co(i z I 1) + I Im z, i + i Im z2 I is a weight function satisfying 
the two dimensional analogues of (5.7)-(5.11). If we let o,(lH zi)= 
max{O, N log I I z I- CN} with the C, chosen as in the proof of Claim 1 and 
z(x z 11) = sup, c(N( I z 11) then p(z1, z2) will satisfy (5.7)-(5.11). We can con- 
struct functions G,(z1), G2(z1), H1(z2), H2(z2) E @(R) such that 

l G,(z,) I + I G2(z1) ? > s exp(- Cp(z1, 0)), 
I Hl(z2) I + |H2(z2) ?> s exp(- Cp(O, z2)), 

and thus we have 

(I G,(z,) I + I G2(z1) I)( IHI(z2) + H2(z2) |) >? s exp(- Cp(zl, z2)) 
for some constants s and C. This inequality follows from the previous two 
one-variable inequalities since 

2I (I(Z01 ?)1I) + 1 (09, z2)1) I iO(II (Z1, Z2) I)I 

Let F1 = GH1, F2= G2H, F3 = G1H2, and F4 = G2H2. Then E4=_ |Fi I > S 
exp(- Cp(z1, Z2)) and we can again apply the theorem of H6rmander ([10], 
p. 943) to conclude 1 = Z4=1 hi.Fi with hi e Ap, i-1, ..., 4. As before, the 
conditions on p imply (5.3) holds so we have 0- -hi e q(R2), i 1, ***, 4. Let 
gi = d hi so we can write 

f i1 gi Fi with gi, Fj e-(R2). 
This completes the proof in the case n 2. As we have already said, the 
case n > 2 proceeds in the same way. 
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